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519. 
ON CURVATURE AND ORTHOGONAL SURFACES. 


[From the Philosophical Transactions of the Royal Society of London, vol сихи. (for the 
year 1873), pp. 229—251. Received December 27, 1872,—Read February 13, 1873.] 


THE principal object of the present Memoir is the establishment of the partial 
differential equation of the third orde~ satisfied by the parameter of a family of 
surfaces belonging to a triple orthogonal system. It was first remarked by Bouquet 
that a given family of surfaces does not in general belong to an orthogonal system, 
but that (in order to its doing so) a condition must be satisfied; it was afterwards 
shown by Serret that the condition is that the parameter, considered as a function of 
the coordinates, must satisfy а partial differential equation of the third order: this 
equation was not obtained by him or the other French geometers engaged on the 
subject, although methods of obtaining it, essentially equivalent but differing in form, 
were given by Darboux and Levy; the last-named writer even found a particular form 
of the equation, viz what the general equation becomes on writing therein X =0, 
Ү=0 (X, Y, Z the first derived functions, or quantities proportional to the cosine- 
inclinations of the normal) Using Levy's method, I obtained the general equation, and 
communicated it to the French Academy, [518] My result was, however, of a very 
complicated form, owing, as I afterwards discovered, to its being encumbered with the 
extraneous factor X?-- У? + 2°; I succeeded, by some difficult reductions, in getting rid 
of this factor, and so obtaining the equation in the form given in the present memoir, viz. 


(CA), (В), (0), (Р), (G), (Нуў8а, 8b, 8c, 25, 28g, 25h) 
— 2 ((A), (B), (С), (Р), (9), (H) a, b, c, 2/, 29 , 2h ) 20: 


but the method was an inconvenient one, and I was led to reconsider the question. 
The present investigation, although the analytical transformations are very long, is in 
theory extremely simple: I consider a given surface, and at each point thereof take 
along the normal an infinitesimal length p (not a constant, but an arbitrary function 
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of the coordinates), the extremities of these distances forming a new surface, say the 
vicinal surface; and the points on the same normal being considered as corresponding 
points, say this is the conormal correspondence of vicinal surfaces. In order that the 
two surfaces may belong to an orthogonal system, it is necessary and sufficient that at 
each point of the given surface the principal tangents (tangents to the curves of 
curvature) shall correspond to the principal tangents at the corresponding point of the 
vicinal surface; and the condition for this is that р shall satisfy a partial differential 
equation of the second order, 


((A), (B), (C), (Р), (G), (Н)ўа,, dy, d;y p = 0, 


where the coefficients depend on the first and second differential coefficients of U, if 
U=0 is the equation of the given surface. Now, considering the given surface as 
belonging to a family, or writing its equation in the form r—r (æ, y, 2) = 0 (the last 
т а functional symbol) the condition in order that the vicinal surface shall belong to 


this family, or say that it shall coincide with the surface r+ dr—r(a, y, 2) = 0), is p=, 


where V=V X24 Y*4 Z, if X, Y, Z are the first differential coefficients of r(x, y, 2), 
that is, of the parameter r considered as a function of the coordinates; we have thus 


the equation 


(A), (В), (О), (P), (G), (5de, dy, diy р = 0, 


viz. the coefficients being functions of the first and second differential coefficients of r, 
and V being a function of the first differential coefficients of r, this is in fact a 
relation involving the first, second, and third differential coefficients of r, or it is the 
partial differential equation to be satisfied by the parameter r considered as a function 
of the coordinates. After all reductions, this equation assumes the form previously 
mentioned. 


Article Nos. 1 to 21. On the Curvature of Surfaces. 


1. Curvature is a metrical theory having reference to the circle at infinity; each 
point in space may be regarded as the vertex of a cone passing through this circle, 
say the circular cone; a line and plane through the vertex are at right angles to each 
other when they are polar line and polar plane in regard to the cone: and so two 
lines or two planes are at right angles when they are harmonics in regard to the 
cone, that is, when each line lies in the polar plane, or each plane passes through 
the polar line of the other. A plane through the vertex meets the cone in two lines, 
which are the “circular lines” in the plane and through the point; a line through 
the vertex has through it two tangent planes, which might be called the “circular 
planes” of the point and through the line; but the term is hardly required. Lines 
in the plane and through the point, at right angles to each other, are also harmonics 
(polar lines) in regard to the two circular lines. 


2. Consider now a surface, and any point thereof; we have at this point a 
tangent plane and a normal. The tangent plane meets the surface in a curve having 
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at the point a node, and the tangents to the two branches of the curve (being of 
course lines in the tangent plane) are the “chief tangents” of the surface at the 
point. 

3. The chief tangents are the intersections of the tangent plane by a quadric cone, 
which may be called the chief cone; but it is important to observe that this cone 
is not independent of the particular form under which the equation of the surface is 
presented. To explain this, suppose that the rational equation of the surface is U —0; 
taking £, т, € as current coordinates measured from the point as origin, the equation 
of the chief cone is (£0, + 70, + $.) U=0, where a, y, z denote the coordinates of the 
point. But it is in the sequel necessary to present the equation of the surface in a 
different manner; say we have an equation between the coordinates (s, y, 2) and a 
parameter т (r being therefore in general an irrational function of z, y, 2), which, when 
r=r,, reduces itself to U —0: we have then r=7, as the equation of the surface; 
and the corresponding equation of the chief cone is (£0,--530,-- £0; r = 0; this is not 
the same as the cone (£0,-- 70, + £0; U = 0, although of course it intersects the tangent 
plane in the same two lines, viz. the chief lines; and so in general there is a distinct 
chief cone corresponding to each form of the equation of the surface. But adopting 
a definite form of equation, we have a definite chief cone intersecting the tangent 
plane in the chief tangents. 


4. Observe that the equations U=0, r=r,, although each relating to one and 
the same surface, serve to represent this surface, and that in different ways, as belonging 
to a family of surfaces, viz. one of thes» is the family U — const, and the other the 
family т = const. In order to represent a given surface as belonging to a certain 
family, we need the irrational form of equation; thus r denoting the irrational function 


6 s а? y PE Jt 
of 2, y, 2 determined by the equation stg Wette we have r=0 as the 


2 2 
equation of the ellipsoid Zay += = 1, considered as belonging to a family of confocal 


quadrics. 


5. Although at first sight presenting some difficulty, it is convenient to use the 
same letter r to denote the parameter considered as a function of the coordinates, and, 
the special value of the parameter; thus in general the equation of a surface may 
be written r(z, y, z)—r=0 (in which form the first r may be regarded as a functional 
symbol), or simply r—r=0, viz. the first r here denotes the given function of (a, y, 2), 
and the second r the particular value of the parameter. 


6. By what precedes we have through the point and in the tangent plane two 
circular lines, the intersections of the tangent plane by the circular cone having the 
point for its vertex. 


We have also through the point and in the tangent plane two other lines, termed 
the principal tangents, viz. the definition of these is that they are the double (or 
sibiconjugate) lines of the involution formed by the circular lines and the chief 
tangents, or, what is the same thing, they are the bisectors (and as such at right 
angles to each other) of the angles formed by the chief tangents. 
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7. The principal tangents may also be considered as the intersections of the 
tangent plane by a quadrie cone, called the principal cone; this being a cone con- 
structed by means of the circular cone and the chief cone, and thus depending on 
the particular chief cone, that is, on the form of the equation of the surface. The 
definition is that the principal cone is the locus of а line (through the point), such 
that the line itself, the perpendicular (or harmonie in regard to the circular cone) of 
the polar plane of the line in regard to the chief cone, and the normal of the surface 
are in plano. 


8. Analytically, taking, as before, (v, y, г) for the coordinates of the point, and 
и, v, ш as current coordinates measured from the point as origin, then the equation 
of the circular cone is u?+v?+w?=0; and taking Хи + Yv+ Ёш = 0 for the equation 
of the tangent plane, and (а, b, c, f, g, hýu, v, ш) – 0 for that of the chief cone, then, 
if the line be u : v:w=&: р: Ё we have 


(o, ..ў#, т, £u, v, ш) 20 
for the equation of the polar plane, and thence 
u:v:w=ak+hnt+gf: hE+bn+fC: g£-- fn c£ 


for those of the perpendicular, or harmonic in regard to the circular cone; also for the 
normal u, v, w= X : У: Z; whence, if the three lines are in plano, we have 


ё , n › 4 =0 
аё+Мм+д& hE+bn+ff gl fo ct 
X , Кый. а Z 
as the equation of the principal cone. This is in the sequel written, for shortness, as 
ё » 070, < = 0. | 
SE, б, Е 
4 ou 


9. Consider any point Р”, not in general on the surface, in the neighbourhood 
of the point on the surface, say P; then the point P' has in regard to the surface 
a polar plane, which plane, however, is dependent on the particular form of equation— 
viz. 4, у, г being the coordinates of Р”, and U’ the same function of these that 
U is of 2, y, z, then the form U=0 of the equation of the surface gives for Р’ the 
polar plane (ud, +vdy + wdz) U' 20; and we may through P’ draw hereto a perpen- 
dieular (or harmonic in regard to the circular cone), say this is the normal line of 
P' "Then for points P' in the neighbourhood of P, when these are such that their 
normal lines meet the normal at P, the locus of P' is the before-mentioned principal 
cone, The analytical investigation presents no difficulty. 


10. Taking Р’ on the. surface, the normal line of Р’ becomes the normal at a 
consecutive point Р’ of the surface (being now a line independent of the particular 
form of equation) and this normal meets the normal at P; that is, we have the 
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principal cone meeting the tangent plane in two lines, the principal tangents, such 
that at a consecutive point P’ on either of these the normal meets the normal at P; 
viz we have the principal tangents at the tangents of the two curves of curvature 
through the point P. 


The plane through the normal and a principal tangent is termed а principal 
plane; we have thus at the point of the surface two principal planes, forming with the 
tangent plane an orthogonal triad of planes. 


1l. I proceed to further develop the theory, commencing with the following lemma: 
Lemma. Given the line Xu+ Yv + Zw = 0, and conic 
(a, b, с, f, 9, h Qu, v, wy = 0, 


then, to determine the coordinates (w, v, wi), (Uz, V2, W) of the points of intersection 
of the line and conie, we have 


(a, .. X YE— Zn, ZE— X5 Xn- ҮЕ) 
= (ёш + лү, + Ewi) (Eua + т + Ew), 
or, what is the same thing, we have 
(a, ...ў Y£— Zn, Z£— X6, Xn — ҮЕ) 20 


as the equation, in line coordinates, of the two points of intersection. The proof is 
obvious. 


12. Making the equations refer to а plane and a cone, and writing throughout 
Ё, т, Ё as current point coordinates, the theorem 18: 


Given the plane XE+ Yn + Z£ = 0, and cone 
(a, b, c, f, g, hU E, т, 59 —0; 
then, to determine the lines of intersection of the plane and cone, we have 
(a,.. 4 Y£ - Zn, Z£— X6, Xn — Y£y «0 
as the equation of the pair of planes at right angles to the two lines respectively. 
13. Denoting the coefficients by (а), (b), &c., that is, writing 
(a,.. Y£ — Zn, Z£ — Xt, Xn- YEY 
= ((a), (b), (с), C£). (9), AME, n, ©), 
(а) = bZ? + сҮ? —2fYZ, 
(b) = cX? +aZ* —29ZX, 
(0) = aY*-- bX? —2АХҮ, 
(f)=—aVZ—fX* *9XY e AXZ, 
(g) = БХ c fYX -gY* +hYZ, 
(h) 2—cXY -f/ZX + gZY — AZ, 


the values of these are 
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We have the following identities: 
(a) X - (h) Y - (g) Z- 0, 
Q)X * (b Y+(f)Z=0, 
(9) X C£) Y (c) Z=0, 
(® (c) — (fy, .., (9) 0) (а) (Р), ...) 2 — Q5, Үз, Z, YZ, ZX, ХҮ)ф, 
that is, (b) (c) - (f) = — Х*ф &c., where 


ф = (bc — f?,.. gh — af,. . X X, Y, ZY. 
Writing also 


aX +h¥+9Z, hX -- bY +2, gX +/Ү -cZ — 8X, SY, 8Z, 
and Х*+ Y*4- Z*— V*; also a--b--c— о, then 
(a) =(b +c) V?—wX? + ХХ — ҮҮ — Z6Z, 
(b) =(c +a) V! оү? — X8X + ҮҮ — ZZ, 
(c) =(a +b) V! —eZ* — X8X — Y$Y + 287, 
(f)2-fV* — eYZ + YoZ + 20У, 
(дф) ——9V*  -—wZX +Л376Х + X8Z, 
(А) 2—hV* | —oXY + ХҮ + YéX. 


14. I give also the following lemma: 


Lemma. The condition in order that the plane X£--Y,--Z£—0 may meet the 
cones 


(4, B, C, Р, б, H GE, 9, 6) =0, 
(A', В, ©, FY, G', НЧЕ, ә, £P -0 
in two pairs of lines harmonically related to each other, is 
(BC + ВО - 2FF',.., GH + G'H - АЕ - А'Р,..ўХ, Y, 2) = 0. 


Writing here 
' (4...7 Y6£— Zu, Z£— XE, Xn — VEY 


=((A), (B), (©), (Р), (9), (AYE, n, £y. 
that is, (A) = BZ?-- CY* – 2FYZ, &c., the condition may be written 
(A) A’ - (B) В+ (O) C' - 2 (FP) F' -2(G) G' -2(H) H' =0, 


or Say 
((A),..§4’,..)=0; 
and we may, it is clear, interchange the accented and unaccented letters respectively. 
С. ҮШ. 38 
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15. I take r—r=0 for the equation of a surface, X, Y, Z for the first derived 
functions of r, (a, b, c, f, g, h) for the second derived functions. The equation of the 
tangent plane at the point (s, y, 2), taking & з, € as current coordinates measured 


from this point, is 
ХЕ + Yn+ 26= 0; 


the equation of the chief cone in regard to this form of the equation of the surface is 


(a, b, с, f, 9; Ьўё, N, £y = 0, 
and the equation of the circular cone is &+7?+ $° = 0, or, what is the same thing, 


(1, 1, 1, 0, 0, OE, n, £y = 0. 
Imagine а quadric cone 
(4, B, C, Р, G, H¥E, т, 6) =9, 
such that it meets the tangent plane in the sibiconjugate lines of the involution 
formed by the intersections of the tangent plane by the chief cone and the circular 


cone respectively; that is, in a pair of lines harmonically related to the intersections 
with the chief cone, and also to the intersections with the circular cone; the 


conditions are 


((A), ...Xa, ..) =0, 
(A) + (B) + (С) = 0, 


viz. if only these two conditions are satisfied the cone will intersect the tangent plane 
in the two principal tangents. 


and 


16. The principal cone, writing, for shortness, 
ag +m + 96 hE+bn+fb g&+fn + cb = E, èn, 85, 


was before taken to be the cone 


Po of | = 0. 
дЕ, Sn, 86 
р Р: үт 


Representing this equation by 
V (A, B, C, Р, G, HYE, m 0-0, 

the expressions of the coefficients are 

А =2hZ — 29У, 

B =2fX —2hZ, 

C = 24Ү - 2fX, 

F= hY- gZ-(b-c)X, 

G = fZ — hX-(c-a) Ү, 

H= gX- fY —(a—0)Z. 
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These values give 

AX 4 HY 4 GZ = ZàY — YŠZ, 

HX + BY + FZ = X8Z — ZàX, 


GX + FY +CZ = YóX – Хү; 
whence also 


(A, ... XX, Y, ZY - 0, 
as is, in fact, at once obvious from the determinant-form; and also 
A 4 B -- C — 0. 
17. Writing for shortness 
(a, b, c, f, g, ћ) = (bc —f*, ca — у, ab — h, gh — af, hf — bg, fg — ch), 


we find 
Aa + Hh-- Gg - e (hZ —gY ) - ÀZ —gY, 
Hh+ Bb + Ff =o (fX -hZ)4f X -— hz, 
Gg + Ff + Cc = o(gY -fX )*gY -JX ; 
whence 


(A, ... ўа, ...) = 0. 
18. By what precedes, we have 
((A), -XE m te =0 


for the equation of the two principal planes, where the coefficients (4), (B), &c. are 
functions of A, B, &с. and of X, Y, Z, as mentioned above. These coefficients satisfy 
of course the several relations similar to those satisfied by (а), (b) &c. and other 
relations dependent on the expressions of А, B, &c. in terms of a, b, &c. amd X, Y, Z. 


19. Proceeding to consider the coefficients (A), (B), &c., we have then 


(A) - (B) - (C) 2 (A - В+ С) У — (A,. 4$ X, У, ZF, 
that is 
(A) + (B) + (CO) = 0. 


Observing the relation А + В + C = 0, the equations analogous to 
(а) = (b + c) V* — (а+Ь+ c) X+ &c., are (4) = – AV? + XX — YYY — 797, bo. 
if for a moment we write 9X í 8 Y, 82 to denote the functions 
AX + HY + GZ, НХ + BY + FZ, GX + FY + CZ. 


But, from the above values, ХХ + Y9'Y + 282 = 0, or the equation is (4) 2 — AV? + 2X8' X, 
that is —— AV?--2X(Z8Y — Y8Z). The equation for (Р) is (F) = — FV* - YNZ + Z8 Y, 
where YSZ + Z&'Y is = (УХ — X8Y)-- Z(X6Z — Z6X), viz. this is 
= (V?— Z») 8X — XY8Y + XZ6Z. 
38—2 
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We have thus the system of equations 


(4) = – AD? | АР АТР. 
(В) = — BV: — 2YZàX + 2X YZ, 
(0) =- 07: +2YZ5X | —2XZàY 


(F) =— FV? 4+ (Y° — 22) 8X — XYY + XAZZ, 
(G) 2— GV* + XYàX -X(2-X9)5Y - YZe, 
(H)-—HV*— XZóX + YZO0Y +(X? — Y?) 87. 
20. We hence find 
(A) a - (H) h + (G) g = — (Aa. + Hh + Gg) V? + (28Ү — V8Z) 8X + XP, 
(H)h+(B) b -- (FP) f 2 — (Hh - Bb + Ff) V?+ (X87 — Z6X ) èY + YQ, 
(G) g + (P) f - (C)e 2 — (Gg + Ff + Cc) V+ (УХ — X8Y)8Z + ZR, 
if for shortness 
P —(gY —hZ)8X + (aZ — 9X)8Y + (hX — aY)6Z, 
Q =( fY — bZ) 6X -(hZ — fX)8Y + (bX – АҮ) 8Z, 
R=(cY —fZ)8X t (gZ — cX)8Y +(fX —gY)8Z. 
Forming the sum PX +QY+ RZ, the coefficient of 5X is found to be 
=— Z (hX +bV+fZ)+ Y (gX -fY сй), =— ZY + Y6Z ; 
hence the whole 18 
—6X(Y8Z— Z6Y)+8Y (ZX — X82) + 8Z(XSY— VEX), which is =0, that is, 
PX +QYV+RZ=0. 
21. Hence, adding, we find 
((A),...a,..)=0; 
viz. in this and the before-mentioned equation 
(A) + (B)+ (0) -0 


we have the @ posteriori verification that the cone (4,...ў&, n, €)?=0 cuts the tangent 
plane in the double lines of the involution. 


In what precedes I have given only those relations between the several sets of 
quantities a, а, (а), A, (A), &c. which have been required for establishing the results 
last obtained; but there are various other relations required in the sequel, and which 
will be obtained as they are wanted. 
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The Conormal Correspondence of Vicinal Surfaces. 
Art. Nos. 22 to 35. 


22. We consider a surface U=0 (or r=r), and at each point P thereof measure 
along the normal an infinitesimal length p, dependent on the position of the point P 
(that is, p is a function of z, y, г). We have thus a point P', the coordinates of 
which are 

2, y, Z=% t pa, y+ pB, 2 py, 
where a, 8, y are the cosine-inclinations of the normal, that is, 


ДЕ АДЛ 


a, B, Lai, i y y if Ү =М/Х*+ Ү + 272; 


the locus of P' 1з `оЁ course a surface, say the vicinal surface, and we require to find 
the direction of the normal at P’, or, what is the same thing, the differential equation 
Х'ах + Y'dy' + Z'dz’ of the surface. We have 


da’ =(1+d,pa) dæ + дура . dy + d;pa . dz, 


dy = 1,рВ . dæ + (1 + djpB) dy + d;pf . dz, 
dz = d, py .dx + dypy „Фу + (1 + dzpy) dz, 
0 = X dz Y dy+ Z dz; 


whence, eliminating dz, dy, dz, we have between dz’, dy’, dz a linear equation, the 
coefficients of which may be taken to be X’, Y', 7. Taking these only as far as the 
first power of p, we have 


X' = X (1+ djpB + d;py) — YdzpB — Zdzpy, 
or, what is the same thing, 
X' = X (1 + d; pa + dypB + Я.ру) — Xd; pa — Yd;oB — Zdzpy, 
with the like expressions for Y' and Z'. I proceed to reduce these. The formula for 
A 18 
X' = X {1 + p (dza + d, 8 + dzy) + ad, p + 8d,p + үйр} 
~R (Хаа + Yd,8 + 24,ү) 3 (aX +BY+ yZ) dp. 

23. I write, for shortness, = Xd,+ Үа, + Zd,, whence òX, èY, д2 — aX + hY +94, 
hX +bY +fZ, gX +fY + с2, agreeing with the former significations of 5X, èY, èZ; also 
Vd,V, Vd,V, Vd,V=8X, èY, 67, and VóV = ХХ + Y8Y + ZZ. It is now easy to 
form the values of 


и X8X h- KOA ZoX 

d,a, 1,8, dey, viz. these are у-у ор ает $F E 
h ХҮ bon г 28Ү 

Фу, dy, дут, pope pne б-р. 
9 AOA YeZ c 2812. 

dza, 4,8, d; y, AUD yt LAM ws y py 
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and hence 
d,a-- dB + dey = = 2 E. 
Хаа + Yd,B  Zd,y- 94. — Tax, = 0, 
1 
adzp + Bdyp + yd; p = т ёр, 
aX-BY4yZ2 = У; 


and we have 


i bac V 
х -xh EE èp) — Vd,p, 


with the like values of У’ and Z’. But we are only concerned with the ratios 
X': Y': Z'; whenee, dividing the foregoing values by the coefficient in { ], and 
taking the second terms only to the first order in p, we have simply 


BLY (2 ELVA, p, Үд E Рр 


24. We may investigate the condition in order that the surface a’, у, z may be 
the consecutive surface r+dr=r(a, y, z} This will be the case of 


r* dro ro py, y*pqe s+ 7): 


that is, r+dr=r+pV, or p=. This value of p gives d,p- — d, V= — ў: P 8X, and 


similarly d, p = — y: òY, d;p—-— тя 67; whence 


/ / "Жаы P ; p p 
X, Y',Z'-X- yo“; Y у 6Y, 2+7 92, 
which is as it should be, viz. these are what X, Y, Z become on substituting therein 
for 2, y, z the values æ+ pa, y +рВ, z - py. 


25. I return to the case where p is arbitrary, and I investigate the values of 
а, b,... for the point Р’ on the vicinal surface; say these are a’, b’, &c, then we 
һауе а= d, X' &c. The relation between the differentials may be written 


dz = (1 — dpa) йа — d,pa dy’ — d,pa dz’, 
dy=  —d;pf йг -- (1 — d,pB) ау — d,pB dz, 
dz=  —d,py da – d,py dy +(1 – 4,ру) dz’, 
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and we thence have dy = (1 — dpa) dz — d, pd, — d, pryd, &c.; hence 
а = ((1 — dapa) d, — d, pd, — д,руй) (X — Vd,p) 
= (1 — d;pa) a — d;pB . h — ру. g — da (Vdzp) 
= @— p (adsa + hd, B + gdzy) 
— (aa + hB 4 gy) ds p 


1 


and similarly, f' = d,Z' (or dzY’), that is 
f" =/— p (gdya + fd,B + cd, y) 
— (ga + fB + ey) dyp 


- 1, BYd,p — Vd,d,p. 


26. Completing the reduction, we find 


мча" pant nA а зу сөзге 

Pez m paa 02 2 8Yd,p — Уйу, 

-. zer JE 2. Bop — Үйгр, 
m ET (4 pals = o4) — d Yd.p + йо ) — Vaydep. 
g -s-o (7? A ) -p @Zdap + 3Xdyp) - Ра,а.р, 
uem (=> h _8Х$Ү у, )- у OXdyp +8Үфр)— Vddyp: 


say these expressions are œ’ = 2 + Аа, &c. 

27. Taking £, т, $ for the coordinates, referred to P as origin, of a point on the 
given surface near to P, and #, 7’, ¢ for the coordinates, referred to Р’ as origin, of 
the corresponding point on the vicinal surface, the relation between £', у, 5 and £, 7, € 
is the same as that between da’, dy’, dz’ and de, dy, dz; viz. we have 


E-(-d,e)E-dyp.m дра. 0, 
= — 1,р8.# +(1-—4,р8)т – 0.08. ©, 
E=- дру. — ру. +(1— рү) $: 
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or conversely 


E = (1+ d;pa) E + dypa. + d,pa . €, 
n= . d,p8.E- (1+ dypB) 7 + d;p . $, 
б = = dgpy . E+ dypy .n+(1+dzpy) &, 


say E, т, (=F + AE, n+ Ат, {+ AC; hence 
ХЕ + Yn  Z't =(X — Vdzp) (E + AE) + &e. 
XE 4 Үз + Z£ 
+ ХАЕ+ YAn + ZAC 
— У(#@р +ndyp + р), 


where second line is 


(Xa+ YB + Zy) (Edzp + nd, p + р) 


[519 


tp (Хаа + Үа,В + Zd,y) £ T (Xdya sb Yd, 8 T Zd,y) ПЕ (Хаа + Үа,В + Zd.y) 6). 


But 


b] 


Хаа+ Yd, + Zd,y = А у 8X =0, 
Xd,a -- Yd, B + Zdyy 
Ха„«+ Yd;B + Zdzy 
or second line is = V(Edzp + nd,p + £d;p) ; and we have therefore 
КХЕ+Үт+Ў = XE+ Yn + 26. 
(A’, В,С, FY, G, KYE, т, 67; 
viz, to the first order in p, this is 


=(4', IS mn Oy 
t 2(A, ... AE, An, АЙ, n, 0). 


› 


We require 


98, Here second line is 


2 (AE + Hn + GC) AE + (HE + Bn + FE) An + (GE + Ёз + CO) АС: 


but 

Ag + Hn+GE= Zin – Yèg+| а, h, g |, 
ay Pye 
Р. AA 

HE + Bn + Fg = Xg- Z6E | h, b, f |, 
Ja 1 1 
m AS 

GE + Fg + ОЁ = YóE + Xón-|g, f, с |, 
P 
n п, € 
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whence term in { } is 
| AE, Any AE || aAE+hAn+gA%, RAE+bAn+fAL, gAE+fAn+ cf |, 
дЕ, òn , ot X E Fr > Z 
X, YU rm 7 \ t 


which might be written 
AE, An, А& |– | 8А, SAn, SAE 
дЕ, õn, 8t Bs SMS or 
P um UNE Ax x ce 
but it is perhaps more convenient to retain the second term in its original form. 


29. As regards the first line, we have 
A! = WZ! - 2g Y 
=2(h+ Ah) (Z— Vd,p) - 2(g + Ag) (Y — Vayp) 
=A+2(ZAh— YAg)—2V (hd;p — gdyp), 


with similar expressions for the other coefficients. Attending only to the terms of the 
first order, we thus obtain 


A' =A +2(ZAh— YAg) — 2V (hd; — gd,) p, 
В = В -2(XAf— ZAh) —2V (fd, — М) p, 
С = 0 + 2(YAg – XAf)- 2V (gd, — fda) p. 
F’ =F + YAh — Z Ag — X (Ab — Ac) – V (hd,— gd, — (b — c) dz) p, 
G =G+ZAf — XAh — Y (Ac - Aa) - V ( fd; — hd, — (c — a) dy) р, 
H' = H + XAg — YAf — Z (Aa — Ab) — V (gd; — fd, — (a — b) d;) p, 
say these are А” = А + ВА, &c., where 0 is a functional symbol; we thus have 
(A^, ... WE, 7, EP — (A, ... VE, ә, EP - (0A, ... VE, ә, £y -2(A,... LE m CUAE, Ay, AE), 
Which, for shortness, I represent by 


=(4,...ў#, N, Ле CAS, Ё, N, CP 


and I proceed to complete the calculation of the coefficients А”, B", &c. 
30. We have 
A" = 0A + coeff. & in 
2 [LAE Hy + GS) AE + (HE + Bn + FE) An + (GE + Fn + CS) AE] 


= 0A +2(Ad,pa + Hd;pB + Gdzpy), 
that 18, 


A" =0А +9 (АХ + HY - GZ)d,p 


+ 2p (Ad,a + Hd, B + Gdzy), 
С. VILI. las 
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where coeff. 2p is 
Aa+ Hh+Gg (AX - HY + GZ)o6X 
Tg t Gop eee AS 


= @#-дҮ)+#—дҮ} - у, (ЗҮ - ҮЗ). 


31. And similarly, 


Е" =0F + (Ha+ ВВ + Fy) ар + (Ga-- FB + Cy) dyp 
bs (Hda + Bd, B + Fdz,y) + (Gd,a + Fd, 8 + Cd, y) 


=0F+ 5 y (HX + BY + FZ)d;p-- (GX + FY + CZ) dyp} 


Hg + В + Ес (HX + BY + РІ) 22 
ФРГ утта от meme 


үз 
Gh + Fb + Cf. (GX + РҮ - CZ)8Y 
+ V ys H 
Gh+Fb+Cf= e(hY—bX)- ÀY —bX -oX - àX +hV + gZ, 
Hg+ Bf+ Fc = — о (gZ —cX) - gY + 6X — oX — aX -hY — gZ. 


Sum is о (AY — gZ — (b — ) X] - MY -gZ —(b 0) X, which is = oF c AY-gZ — (6—0) X: 
hence 


F” = OF + (X84 — 283) (dip — — 5.) + (WX - XBY) (dyp - у) 
+ 5 {oF +h¥ -g2- (6-0) X]. 


32. We may write 


1 рдХ 


A" = 0A £2 (y dep (25У — YàZ)  £ (oA + A], 


dyp — P. ys (X8Z — 25Х)+9 {oB + В), 


pae- ўз) 
57 Е 

ур x) (УЗХ — XY) + $ (oC + 0), 

1 ) Y 


1 
1 

Е (Tir 285) (ye e ) (YàX — X8Y) +4, {oF + F}, 
1 


$ 
р 40 – уз 


y.) 
ah ae i ere dp - Por) EY — Y8£ ) $ (oG +G), 
v.) 


1 


H’=6H + (F dp - 5 (ZàY — YZ ) + (F; dap — e) хал 2X) +9 (oH + H}, 


in which equations A, B, &c. are the like functions of 9, b, &c. that A, B, &c. are 
of a, b, &c.; viz. А = 2hZ – 29Ү, &c. 
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The value of 0A is 


0A —2Z (8 Р (ho +) f. f, 5XY| -y - 1 (8Vdep + 8Xdyp) - Vaedyp) 


-27 (f- роф f. ZX} — у (828, + BX dog) — Vdzd.p) 
— 2V (hd; — gdy) р, 
which is 


-- f (oA - A) + Wax (45Ү — РЛ) 


-7X Zd,- Үй)р -2V (hd; — gd) p 


A i (Z8Y — ҮХЯ) dap — 2V (Zd, — Yd) dep. 


Hence the value of A” is equal to the last-mentioned expression, together with 
the following terms :— 


ty P (oA + A) t= y; 9X (28У — YSZ) + p? - Y8Z) dzp, 
which destroy certain of the tat ones; viz. we have 


4" = (209 - ae) yp =2 (Va - ee d,p —2V (Zd, + Yd, dep. 


33. Similarly, the value of ӨР is 


ӨР = Y (- (ho +h) + 9 B. , BX 8Y — 4 (8¥ dp + 8Xdyp) — Vd ар) 


T (-$ £ (go +9) + £,528X – у 7 @Zdap + 8Xd,p)— Va adap) 


=f (5 pBES +5 
- X(- 5 (b-9»«5-3 «7. TAL aVdyp +7 BZdop — Vdp + Уйдо) 


— V (4d, — gd, — (b — c) de) p, 


which is 


p94 E 


= £ (- Fo — Р) + fps (X82 — 78Х) ^y, (YOX — XY) 


+ 7 y (Y - 282) + V (b — 2 d, 
+ {+ pax eY - Vh ар 


2X 
«| Z 3X 4 BY «Vg | dep 


+ (7 VYd,d, + VZd,d,+ VXdj — VXd7) p. 
39—2 
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Hence F” is equal to the foregoing expression, together with the following terms:— 


poY 


657 (X82— ЖАЎ) ГӨ (ysx — X8Y) 


+4 Qo F)- 57 
+7, (Y8X — X8Y) dyp + у (X8Z — ZX) dep, 
which destroy certain of the foregoing terms; viz. we thus have 
Hn 1 x x 
P= f- prer- ZL) + Ү ф—©)| dap + l E va) dyp + 1-82 — Vol dep 


+ V(— Yd;d, + 21,1, + Xd? — Xd?) p. 
34. We thus have 


das 2 (vo - F) ap - 2(va- SX) dip 2 (- 20,8, + Yd.d.) p. 
BY --2(vy- "7 ) dep (vu 757) dep « 27 (—Xdedy + Zded,)p, 
c" - «2 (vy- P dap-2(Yg— a) dip 4-2V (- Yd,d, + Xdyd,) p, 

1 ХҮ x8 
rx. [re -9- ү aar - 22) dap- (Va - 55) dyp + (Ya -p he 

+ V (7 Yd,d, + Zded, Xd? — Xd?) p, 

7 YòX 1 Y6Z 

"= (т) aap + fve a) ae xx) dyp - (Vf - FE) dep 

+ V (— Zd,d, + Xd,d, + Yd? — Yd) p, 

ZX 

oh. (т-у) dao -(vr- A-)a "n [V (79 - (XàX — ҮЗҮ) dep 


+ V (— Xd;d, + Yd,d, + Zd — 21,2) p. 


35. It will be recollected that we have X’& + Y'»'-- Z't' 2 XE + Yn + Zt; by what 
precedes it appears that for the given surface the principal tangents are determined 
by the equations 

(A, s AME, UB £y эр 0, 


XE+ Y» + =0, 
and that the lines which (in the tangent plane of the given surface) correspond to 


the principal tangents of the corresponding point of the vicinal surface are determined 
by the equations 


(A,. DE, л. £P - (A",. UE, 9, CP =0, 
AE+ Yo + Z£—0. 
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Condition that the two surfaces may belong to an Orthogonal System. 
Art. Nos. 36 to 41. 


36. 'Тһе condition in order that the two surfaces may belong to ап orthogonal 
system is that the principal tangents shall correspond, or, what is the same thing, the 
lines which (in the tangent plane of the given surface) correspond to the principal 
tangents of the vicinal surface must be the principal tangents of the given surface. 
When this is the case, the plane and cone XE+ Ys + Zt —0, (А”,..0#, n, £y = 0 inter- 
sect in the principal tangents, and this is therefore the required condition. 


The plane XE+ Yg--Z£ —0 meets the cone (А”,..ў#, n, £y 20 in the principal 
tangents, that is, in a pair of lines harmonically related to the circular lines and also to 
the chief tangents. Forming then the coefficients (A”), (B^), (C^), (F^), (G^), (H") from 
A", &@. in the ‘same way as (A) «е. are formed from A, &c., that is, writing 
(А) = B"Z:3 + C"Y* — 2P"YZ, &c., the conditions are 


(A^) + (B^) -- (C^) = 0, 
((A”),...Ya,...)=0, 
(A”,...(a),...)=0. 


The former of these, as about to be shown, is satisfied identically ; we have 
therefore the second of them, say (A”,..§(a),..)=0 as the required condition. 


37. We have 
(4^) + (B^) - (C^) 2 (A" + В” +0”) V: -(45,..$ X, Y, ZY, 


or, what is the same thing, 


A" + В" 0" = КҮ — Y3Z) dep + (X8Z — Z3X) dyp +(Ү&Х — ХҮ) ,р). 


Forming next the expressions of A"X + H"Y + G"Z &c., and, for convenience, writing 
down separately the terms which involve the second differential coefficients of p, we have 


A"X + H"Y + @’Z= 

dep -V (hZ 97) + dyp [V82 — ZSV + V (gX — aZ)] + dap [- (V8Y — Y8V)— V (hX —aY)], 
WX + BY + Р"Ё = 

dep [- (V8Z— Z8V)— V (fY —bZ)|+ dyp.V (fX —hZ)4-d;p [(VàX — X8V)-- V(hY —0X)], 
G'X + Р"Ү + 0"7 = 

d,p[V3Y — Y8V + V(fZ —cY)] + dp [-(V8X — X3V) — V(gZ —cX)] + dep. V (gY — fX), 


where 8V stands for yx + YY + 2767), and where the three expressions contain 


also the following terms respectively : 


иаа Ver Epp > утас XZdzdy} р, 
(cod tisse Aree (hat АЧС Хн YZd,d,) p, 
berant XYds . + XZd,d, — YZd,d, + (X: — Үз) dady} p. 


www.rcin.org.pl 


310 ON CURVATURE AND ORTHOGONAL SURFACES. [519 


Multiplying by X, Y, Z, and adding, the terms which contain the second differential 
coefficients disappear, and we obtain 


(A",..$ X, Y, Zy  2V[(Z8Y — Y9Z)d;p + (X6Z — Z6X) dyp + (VEX — X6Y)d;p] ; 
so that, attending to the above value of A” +B” + С”, we have the required equation 
(A^) + (B") 4- (C^) =0. 
38. Proceeding now to form the value of (А”,...ў(а),...), that is, 
A” (a) + B" (b) + C" (c) + 2P" ( f) + 2G" (д) + 2H" (h), 


it wil be shown that the terms involving the first differential coefficients of p vanish 
of themselves; as regards those containing the second differential coefficients, forming 
the auxiliary equations 


(A) =2(h)Z —-2(g)Y, 
(B) 22(f)X —2(h)Z, 
(С) -2(g) Y —2(f)X, 
(у= (Y - (g)Z —((b —(»)X, 
= (f)Z- Q)X-((o-()Y, 
(H)- (g)X — (f) Y- ((a) - ()) Z, 


we find without difficulty that the terms in question (being, in fact, the complete 
value of the expression) are 


=V((A),...Udz, dy, d;y p. 


39. As regards the terms involving the first differential coefficients, observe that 
the whole coefficient of dsp is : 


+2 (g) уһ TR) 
— 2 (h) (Yo - SX), 


which is 


= 2V (9) h^ + C£) + (0) g — (h)g + 0 f-- C£) с)} 
+ T (A) 8X + (b) BY + (f) 8Z) — Y ((g) 8X +(f) 8Y + (c) 8). 
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40. The reduction depends on the following auxiliary formule : 


a (a)+h(h)+g(g)= V8V—X8X, | a(h)+h(b)+g(f)= — —X8Y,|a(g)-h(f)eg(o)- ^ —X8Z, 
KLEVE i А eh buo E, Е ИУ EA Fo mo: FM, 
J » +f» Tc T URL. — Z6X, |9 » +f,+¢,, = — Z6Y, 9 » +f о „= V$V- 67, 


where, for shortness, I have written 8X, SY, 8Z to stand for aX +hY¥+ JZ, hX +hY +Z, 
JX +fY -cZ respectively, and V8V for ХӧХ + Y9Y + 767, (=а,..ўХ, Y, ZY. 


From these we immediately have 
(a) &X + (h) 8Y +(g) èZ = V (X8V — РХ), 
(h) $X + (b) 8¥ - (f) B£- V(Y8V — VEY), 
(9) 8X - (f) $5Y - (c) Z= V(Z8V — VŠZ). 
Hence, in the coefficient of d;p, the first line is 


-2y (— YZ + Z6Y), 
and the second line is 


2 


= 2 (VZ(Y8V — V8Y) — VY (“80 — 782), = 2V (Y8Z — ZY); 


so that the sum, or whole coefficient of d,p, is = 0. Similarly, the coefficients of dyp 
and Фр are each = 0. 


41. We have thus arrived at the equation 


((A), ...ў4,, dy, dj p=0 


as the condition to be satisfied by the normal distance p in order that the given 
surface and the vicinal surface may belong to an orthogonal system, viz. this is a 
partial differential equation of the second order, its coefficients being given functions 
of X, Y, Z, a, b, c, f, g, h, the first and second differential coefficients of r (where 
r=r (æ, y, 2) is the equation of the given surface). 


The equation, it is clear, may also be written in the two forms 


(A, ...¥Zd, — Yd,, Ха, Zd,, Yd, — Xd, p — 0, 


and 
P ; Q : R |p— 0, 
аР+һ +98, hP--bQ--fR, gP+fQi+cR 
X Y і Z | 


if, for shortness, P, Q, R are written to denote Zd,— Yd, Xd,— Zd,, Yd,— Xd, 
respectively, it being understood that in each of these forms the dz, dy, dz operate on 
the p only. 
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Condition that a family of surfaces may belong to an Orthogonal System. 
Art. Nos. 42 to 49. 


42. We pass at once to the condition in order that the family of surfaces 
r—r(a, y, 2) =0 
may belong to an orthogonal system, viz. when the vicinal surface belongs to the 


2 , and the condition is 


family, we have p proportional to 7 (= ТЕТЕ Е 


1 
(CA), ...4,, dy, de? y=% 


where r is a function of (2, y, 2), the first and second differential coefficients of which 
are X, Y, Z, a, b, c, f, g, h; and the equation is thus a partial differential equation 
of the third order satisfied by r. The form is by no means an inconvenient one, but 
it admits of further reduction. 


43. We have dy. aem 2,3 equal to £5 8X, ER 2X д2 respectively, 
and thence ' 
а + (eH graba) 5, (8X) 
d m i : UMS 
didi d, = cab dli КК ERE 
vid ДИЗЕ a noe 


dè p=- ps (a — 9 à + 523 + >, (0X, 
1 Я 3 
d, d; р que +f +87) + q,9Y92, 
with the like values for d? ү, &c. Substituting, the equation contains a term multiplied 


by о, viz. this is 
1 м 
Е Vs @ ((A), < ‚фа, E $, 
which vanishes; and a term multiplied by о, viz. this is 
ys 9 (A) + (B) + (0)), 


which also vanishes. Writing down the remaining terms, and multiplying the whole 
by — Ё?, the equation becomes 


((A), . 358, «.) (64), Дуба, .. - 5. (4D, УД, SY, èZ} - 0. 
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44. The last term admits of reduction; from the equations 
(A) 2— AV?-- 2XZ8Y — 2X V8Z, &c., we find 
(A) 6X - (H) òY + (G) 8Z 2 — V? (ASX + НҮ + G6Z) + V8V (ZY — V8Z ), 
(H) 8X -(B)8Y + (FP) 5Z 2 — VY (HX + BEY + F9Z) + V8V(X8Z — ZàX ), 
(G)$X -(F) dV +(C) 82 2 — V* (G6X + РҮ + C82) + VEV (VEX — X8Y ), 


and hence 


((A), . 8X, 8Y, 582p 2 — V*(A, ...48X, 8Y, èZ); 


wherefore the equation becomes 


(CA), . Д$@,..) + (CA), . 358a ..) - 3 (A,. 8X, Y, 8Zy = 0. 


45. It will be shown that we have identically 
((A), ...32, ...)) 2 - (4,. $5X, SY, 827p -2| 8X, SY, $7). 


The partial differential equation thus assumes the form 
((A), . Xa, ...) +0 — 0, 
where О may be expressed indifferently in the three forms, 
=+2(4,..ў9,..), 
= +2(4,..ў2Х, У, 4), 
=—4 | èX, SY, 4 |. 


ЖЧ КЕР Z 
| 5x, BY, 57 
46. Taking the first of these, the partial differential equation is 
((A), ...ўба,..)— 2 (A, . X12, ...) 20; 
or, written at full length, it is 
(A) da + (B) àb + (C) 8c + 2 (Р) 8f + 2 (6) 8g + 2 (H) bh 
—2{(4) @+(B) 6+(C) 2+2(Р) f+2(G) g 2 (H) ^) —0, 


where the coefficients are given functions of X, Y, Z, a, b, c, f, g, h, the first and 
second differential coefficients of r; and 6 is written to denote Ха, + Yd, + Zd.. 
40 


C. VHI. 
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47. It remains to prove the above-mentioned identities. 
To reduce the term (A,..§85X, Y, èZ}, we have 
ASX + НҮ + 682 
= A(aX+hY¥ --gZ)- H (hX + bY - /Z) - G (gX + fY +о7) 
= X{ w(hZ—gY)+ hZ-GY} 
+ Y {—-w(fY—bZ)-(fY —bZ)—wZ-—6Z] 
+Z{ w(fZ—-cY)+ fZ—cY +oY+ 82) 
= e(Z8Y — Y8Z) 4 (Z8Y — Y8Z) + (76Ү — Y$Z), 
ASX + НҮ + GZ = о (ZY — Y9Z) + 2 (28Ү — Y8Z); 


that is, 

and similarly t k 
Н6Х + B8Y + F6Z = о (XòZ — ZóX) + 2(X6Z — Z6X), 
GSX + РҮ + CSZ = w (УХ — ХҮ) + 2(Y8X — X8Y), 


(4А,..ў9Х, SY, 692y 2 —2| 9X, SY, 27 |. 
PES UE 
6X, SY, 82 | 
48. Now, from the equations AX + HY + GZ — ZóY — Y6Z, &c. we have for the 
value of twice the foregoing determinant 
2 det. 22 (ОХ --ÀY --gZ) (AX + HY + GZ) 
OX +bY -fZ) (HX + BY + FZ) 
+(gX € fY +¢Z)(GX + РҮ +CZ)}; 
and subtracting herefrom the function ((A),.. {@,..), -which is 
= (BZ? + CY? —2FYZ)a 
+ (CX? + AZ? —2GZX)b 
+(AY?+ BX? —2HYZ)c 
+2(—AYZ-— FX? +GXY + HXZ)f 
+2 (— BZX + FXY – СҮ? +HYZ)g 
-H2(—-CXY - FXZ +GYZ — HZ? )h, 


whence 


the difference is found to be 

{((A,..UX, Y, Zy + АУУЗ 
(A, ..$.X, Y, Zy + BV?) 
(A, .. 4 X, Y, Zy + СУЗ 
MESE YZ + FV} 
+29{(A+B+C0)ZX +GV?} 
+~2h\(A+B+C)XY + НҮ), 


а 
b 


| © 
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which, on account of (4,..$.X, Y, Zy —0, and A +В +С = 0, reduces itself to 
СА I...) . V*. 


49. We have 
AG+Hh+Gg= a(2hZ —3gY) 


+h( gX- fY —(a—b)Z) 
*g(fZ — hX - (c a) Y) 
= X(gh-hg) 
+ Y (ag — gà — (gà + fh + cg)) 
+ Z (hà — ah 4- (hài + bh + fg); 
or, observing that in the coefficients of Y апа 7 the second terms each vanish, this is 


Aà + Hh + Gg = X (hg — gh) + Y (ga — ag) + Z (ah — ha); 
and similarly А 
Hh+ Bb + Ff=X (bf —fb)-- Y (fh — hf) + Z (hb — bh), 


Gg + Hf + C6 — X (fe — of)-- Y (cg — 9с) + Z (gf — 70). 


Adding these equations, the coefficient of X is the difference of two expressions each 
of which vanishes; and the like as regards the coefficients of Y and Z; that is, we have 


(A, .-0,..) 20; 
and consequently 


2| X, 8Y, 8Z|-((A)..Xa, ...) 2 — (A, ... 8X, èY, 8Zy, 
A" wv | | 
5X, 5Y, 82 


the required relation. 
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